We derive the exact Helmholtz free energy (HFE) of the standard and staggered one-dimensional Blume-Emery-Griffiths (BEG) model in the presence of an external longitudinal magnetic field. We discuss in detail the thermodynamic behavior of the ferromagnetic version of the model, which exhibits magnetic field-dependent plateaux in the z-component of its magnetization at low temperatures. We also study the behavior of its specific heat and entropy, both per site, at finite temperature. The degeneracy of the ground state, at T = 0, along the lines that separate distinct phases in the phase diagram of the ferromagnetic BEG model is calculated, extending the study of the phase diagram of the spin-1 antiferromagnetic ( 
Introduction
For a long time simple 1-D spin models have been used as toy models for a better understanding of real systems with coupled spins. Experimental verification of the results derived from those toy spin models is difficult, given the complexity of real spin systems for any spatial dimension. The development of optical devices permitted the simulation of a few 1-D spin models in arrays of cold atoms. In 2011 Simon et al. [1] simulated the 1-D spin-1/2 Ising model in the presence of a magnetic field with longitudinal and transverse components at low temperature. Such possibility encourage us to explore the thermodynamic characteristics of 1-D models.
Recently one of the authors applied the transfer matrix method [2, 3, 4] to the calculation of the exact thermodynamics of the 1-D spin-1 Ising model, with single-ion anisotropy term, in the presence of an external longitudinal magnetic field [5] . The present work extends that discussion to the classical 1-D Blume-Emery-Griffiths (BEG) model [6] with external longitudinal magnetic field. This model is classical and its exact thermodynamics can also be derived by the transfer matrix method. The presence of an extra term with respect to the 1-D Ising model with single-ion anisotropy term can modify the behavior of the quantum chain, mainly its phase diagram at T = 0. In the present article we study the thermodynamics of the one-dimensional BEG model in the presence of an external longitudinal magnetic field. The phase diagram of the model is discussed in detail for the ferromagnetic case, and for two different regions of the parameter K |J| , and complemented by the discussion on the phase diagram of the spin-1 AF Ising model [5] .
In section 2 we present the Hamiltonian of the standard BEG model in the presence of an external longitudinal magnetic field. We show the relation between the Hamiltonians of the standard and staggered versions of this model, to be used in relating their thermodynamics. In section 3 we discuss the phase diagram, at T = 0, of the ferromagnetic BEG model. Its thermodynamics is presented in subsection 3.1 through the behavior of three thermodynamic functions per site: the z-component of the magnetization, the specific heat and the entropy. The entropy per site along each line that separates distinct phases in the diagram of the ferromagnetic BEG model is calculated at T = 0. In section 4 we compare the three previous thermodynamic functions of the ferromagnetic BEG model with K |J| = −2 and the spin-1 AF Ising model at very low temperature. We also extend the discussion on the phase diagram of the spin-1 AF model in Ref. [5] in order to include the degeneracy of the ground state of the model at T = 0. Our conclusions are presented in section 5. In Appendix A we present the main steps to calculate the exact Helmholtz free energy (HFE) of the standard and staggered one-dimensional BEG model for arbitrary values of the parameters. The states and energies of the dimers present in the spin configurations of the chain are shown in Appendix B. In Appendix C we have the ground states of the BEG model in the presence of an external longitudinal magnetic field and their respective energies. Finally in Appendix D we show how to calculate the degeneracy of the ground state along the lines that separate the different phases along the diagrams of the chain models at T = 0.
The Hamiltonian and HFE of the 1-D BlumeEmery-Griffiths model with a longitudinal magnetic field
Eq.(5) of Ref. [5] ,
hence they have the same thermodynamics if J s = −J, h s = h, D s = D and K s = K.
The ferromagnetic staggered BEG model (J s < 0) has the same thermodynamics as the AF standard BEG model (J > 0). The AF staggered BEG model (J s > 0) has the same behavior as the ferromagnetic standard BEG model (J < 0) at any finite temperature. From now on we will restrict our discussion to the thermodynamics of the standard Hamiltonian (2) of the BEG model. The thermodynamic behavior of the staggered BEG models at finite temperature can be obtained from the corresponding standard models by using (4) .
In appendix A we show the calculation of the exact expression of the Helmholtz free energy (HFE) of the ferromagnetic and AF BEG models in the presence of a longitudinal magnetic field by the transfer matrix method [2, 3, 4] , valid at any finite temperature T > 0. In 1975 Krinsky and Furman [10] calculated this thermodynamic function for those BEG models. Our expression of the HFE for non-null external longitudinal magnetic field h = 0 written differently from that of Ref. [10] ; ours has contributions only from real functions of the parameters of Hamiltonian (2) and of β = 1 kT , in which k is Boltzmann's constant and T is the absolute temperature in kelvin. Although the results derived in that appendix are valid for both the ferromagnetic and the AF BEG models, in the following sections of this paper the discussion is restricted to the ferromagnetic case.
In appendix B we present the nine possible dimer configurations of neighbouring sites in the chain and their respective energy per unit of |J|. The ground state of the ferromagnetic BEG model is composed of dimer states which minimize the energy at T = 0.
The value of the parameter K |J| determines the general structure of the T = 0 phase diagram of the ferromagnetic BEG model.
i) The case
The T = 0 phase diagram for this case is represented in Fig.1a . It resembles the phase diagram of the classical spin-1 AF Ising model with single ion anisotropy term and external longitudinal magnetic field, discussed in Ref. [5] . However, the AF Néel states |Ψ 0 G and |Ψ 0 G ′ [cf. Eqs. (C.3a) and (C.3b) of [5] ] are naturally absent from Fig.1a . The ray (half-line)
extending from the origin separates the phases A and E/E ′ , whereas the parallel ray
, extending from the point
, 0 , in which
< 0, separates the phases E/E ′ and B. Correspondingly, the ray
from the origin separates the phases A and F/F ′ and the parallel ray
, 0 separates the phases F/F ′ and C. The two rays from the origin and their parallel rays are displaced horizontally by
. Such displacement increases as the value of K |J| decreases. The chain states corresponding to each phase are described in the Appendix C of this paper. Those states are represented as |Ψ 0 X , in which X ∈ {A, B, C, E, E ′ , F, F ′ }. The phases {A, B, C} correspond to the nondegenerate chain states |Ψ 0 A , |Ψ 0 B and |Ψ 0 C , respectively [cf. Eqs. (C.1a)-(C.1c)], whereas the phases {E/E ′ , F/F ′ } are twofold degenerate, corresponding to the pairs of chain states (|Ψ 0 E , |Ψ 0 E ′ ) and
The number of degenerate ground states corresponding to the lines and critical points separating the phases in Fig 1a at T = 0 can also be calculated. Along one such line, we may determine the possible states of neighboring sites in the chain, which are those dimer states listed in Appendix B that minimize the energy along that line. The same guideline can be applied to the critical points R and T . In appendix D the degeneracy of states on those lines and points for T = 0 is detailed.
Let Ω U ⇋V (T = 0) be the number of degenerate ground state vectors along the line that separates two distinct phases U and V of the phase diagram in Fig 1a, excluding the critical points R and T . These degenerate states do not necessarily satisfy the periodic spatial boundary condition. Our aim is calculating the entropy per site, at T = 0, along the lines that separate the distinct phases in the phase diagrams of Figs.1a and 1b. In Appendix D we show that the entropy per site along those lines is the same whether we take into account the periodic spatial boundary condition or not. We obtain
in which N is the total number of sites in the chain. We are assuming that N is even:
Moreover, the number of degenerate ground state vectors at T = 0, at the critical points R and T is given by
Again Ω R and Ω T are the total number of degenerate ground states at these critical points, including the states that do not satisfy the periodic spatial boundary condition. Except for the line separating the phases B and C in the phase diagram of Fig.1a , all other lines are highly degenerate. The results (7a)-(8b) do not depend on the particular value and sign of the exchange strength J; rather, they depend only on which dimer configurations yield the minimum energy for the parameter scenario along each line. Consequently, a comparison of the phase diagram in Fig.1a and the phase diagram shown in Fig.1b of Ref. [5] for the AF spin-1 model with single ion-anisotropy and external longitudinal magnetic field shows that the phases and the lines separating them are the same. Moreover, those lines have the same degeneracy in both diagrams.
ii) The case
The T = 0 phase diagram of the ferromagnetic BEG model in this case is shown in Fig.1b . The lines
, separate the phases A and B, and the phases A and C, respectively. All phases A, B and C are nondegenerate, and they are described by the chain state vectors |Ψ 0 A , |Ψ 0 B and |Ψ 0 C , respectively. Appendix B shows the nine possible dimer states and their corresponding energies. Along the horizontal line that separates the phases B and C in Fig.1b to the point A similar argument holds for the line separating the phases A and C; its degeneracy is also equal to 2.
The existence or not of an exponentially growing degeneracy of the ground states along the separation lines in the phase diagrams of Figs.1a and 1b, at T = 0, determines the thermodynamic behavior of the ferromagnetic BEG model.
Thermodynamic behavior of the ferromagnetic BEG model
In this subsection we discuss three thermodynamic functions per site of the ferromagnetic (J < 0) BEG model: the z-component of the magnetization,
the specific heat
and the entropy ) at |J|β = 10 is quite distinct from that of the corresponding curve at |J|β = 1000. For the latter, the z-component of the magnetization has two plateaux that resemble quite closely a sequence of step-functions. At |J|β = 10, however, the plateaux are no longer present. That same behavior of M z h |J| for different temperatures is seen in any curve for
, in which
, and In Fig.3b we have
) is plotted for the variable The entropy per site S(J, h, D, K; β) can be derived from the HFE W(J, h, D, K; β) of the model through the relation between these two functions presented previously, see eq.(9c), or through the number of states with energy betweenĒ andĒ + δE, with δE ≪ E [13] , Ω(Ē), in the thermodynamic limit,
From this point on, we will use a system of units in which k = 1.
Using an algebraic manipulation program we derive from the results of appendix A the temperature dependence of the entropy per site of the BEG model (ferromagnetic and AF models), valid for T > 0. In eqs.(7a) -(8b) we present the number of degenerate ground state vectors along the line that separate the different phases in the diagrams 1a and 1b, at T = 0, and the critical points R and T .
By varying the inverse of temperature, |J|β, up to 10 7 , we verify numerically that the entropy per site, S(−1,
; |J|β), has a strong indication that the limit of this thermodynamic function as T → 0 (|J|β → ∞) along the lines that separate the phases in Figs.1a and 1b are as follows. 1) For
and
with
> 0. In the multicritical points R and T , at T = 0, we have the limits:
where
2) For 
for any value for the parameters
, when where this thermodynamic function is non null at this temperature. In Fig.5c the specific heat per site is drawn at |J|β = 10.
We verify from the Figs.5 that the maximum value of the function C( , however, is not a sufficient condition for the existence of a transformation that maps one model onto the other.)
In subsection 3.1 we discussed the degeneracy of the ground state along the phase separating lines in the diagram of the ferromagnetic BEG model, at T = 0, concluding that the results (7a)-(7c) are independent of the sign of J. A analogous discussion for the spin-1 AF Ising model (see Fig.6a ) has not been done in Ref. [5] , though.
The independence of the number of degenerate ground states with respect to the sign of the exchange strength J, calculated in subsection 3.1, permits us to affirm that the degeneracy of the ground state of the spin-1 AF Ising model along the lines
in diagram 6a, at T = 0, is equal to the result (7c). Again we are also including the states that do not satisfy the periodic spatial boundary condition. The degeneracy of the ground state of the spin-1 AF Ising model, at T = 0, along the line
, with D |J| > 0, in the phase diagram 6a is equal to result (7b), under the same situation on the spatial boundary condition.
There are phase transitions at T = 0 in the phase diagram 6a of the spin-1 AF Ising model that are absent in the ferromagnetic BEG model with
In the following we present the total number of ground states along the lines that separate the phases in the spin-1 AF Ising model. These degenerate ground states do not necessarily satisfy periodic spatial boundary conditions:
The number of degenerate ground states at the critical points (P, P ′ ) in the phase diagram 6a is
We do not show here (the lengthy expression of) the number of degenerate ground states at the critical points (Q, Q ′ ) in the phase diagram 6a of the spin-1 AF Ising model, at T = 0. Its calculation has been done with the help of a computer algebra system; the interested reader may contact the authors for an ASCII file with that expression.
The entropy per site of these lines in the phase diagram of the spin-1 AF Ising model in Fig.6a , in the thermodynamic limit (N → ∞), is
In the phase diagram of the spin-1 AF Ising model we have . In the phase diagram of the ferromagnetic BEG model, at T = 0, we have
The entropy per site of the critical points (P, P ′ ), in the thermodynamic limit (N → ∞) at T = 0, is
, with
We also have at the critical points (Q,
The quantity lim ) for which M z vanishes at |J|β = 500 and |J|β = 100. In order to avoid any singular point in this comparison we define the difference of these functions as 
where L can be the specific heat per site, C, or the entropy per site, S. 
showing a difference of 205 orders of magnitude in the specific heat per site of the two models. We do not know which mechanism permits so huge difference between these two thermodynamic functions. 
Conclusions
We obtain the exact expression of the Helmholtz free energy (HFE) of the Blume-EmeryGriffiths (BEG) model in the presence of an external longitudinal magnetic field, for arbitrary values of the parameters in the Hamiltonian (2), valid for T > 0. The addition of the term −K(S , the specific heat and the entropy, both per site, vanishes as T → 0 in the presence of any external longitudinal magnetic field.
The lines that separate the phases in the diagram of Fig.1a , where we have
< −1 and T = 0, are related to ground states with exponential degeneracy. We calculated the degeneracy of the ground state along each of these lines and obtained their entropy per site at T = 0, and then compared these results with the ones derived from the HFE of the ferromagnetic BEG at very low temperature. We have a strong indication that the results agree in the limit of T → 0.
Finally for K |J| = −2, the phase diagram of the ferromagnetic BEG model (see Fig.6b ), at T = 0, with
is identical to the phase diagram of the spin-1 AF Ising model, with single-ion anisotropy term, at T = 0 (see Fig.6a) .
We compared the thermodynamics of both models at very low temperature (|J|β ∼ 500), when the largest contribution to their thermodynamic is expected to come from their respective ground states. At temperature |J|β = 500, the function M z ( h |J| ) of both models coincide by at least 1 part in 10
14 . Such agreement decreases as the temperature increases.
The ferromagnetic and AF nature of the models is not apparent when we measure M z in the interval of The information about the exact thermodynamics of the staggered BEG model in the presence of an external longitudinal magnetic field can be obtained from the thermodynamics of the BEG model through the relation (4). The study of the AF BEG model is currently under way. We expect to present our results in the near future.
The partition function Z(J, h, D; β) of the BEG Hamiltonian (2) is equal to [4] 
where N is the number of sites in the periodic chain and the matrix U for the symmetric Hamiltonian (2) , in which k is the Boltzmann's constant and T is the absolute temperature in kelvin.
The matrix U(J, h, D, K; β) is hermitian for any value of J, h, D, K and β. Its three eigenvalues are real. The matrices U [see eq.(A.2)] and T [in Ref. [10] ] differ by a rearrangement of lines and the sign of the external magnetic field h. The partition function (A.1) is an even function of h.
In the thermodynamic limit (N → ∞), the partition function (A.1) of the model and its HFE W are, respectively,
for non-degenerate eigenvalues of U. We assume that λ 1 is the eigenvalue of matrix U with the largest modulus, root of the cubic equation
in which
The uniqueness of this eigenvalue for the matrix (A.2), is ensured by the Perron-Frobenius Theorem [11] for any temperature T . The roots of the cubic equation (A.4) are well known [12] . The root with the largest modulus is
The expression of λ 1 has cubic roots. Plotting the thermodynamic functions of the BEG model required numerical evaluation of that expression. In this work the CAS Maple has been used, and some spurious complex values (probably due to the way the cubic roots are handled by the system) appeared in the floating point evaluation even for 700 significant digits, so some caution had to be taken. The expression (A.3) of the HFE, valid at any temperature T and obtained from eqs. (A.6)-(A.7b) , is exact for the ferromagnetic (J < 0) and the AF (J > 0) BEG models in the presence of a longitudinal external magnetic field.
B The states and energies of the dimers
For spin-1 there are nine possible dimers in neighbouring sites of the chain. Those states and their corresponding energies, obtainable from eq.(6) are
C The ground states and energies of the BEG model in the presence of a longitudinal magnetic field
We assume that the chain has a even number of sites N by letting N = 2M, in which M is a positive integer. In the thermodynamic limit (N → ∞), we also have M → ∞. The ground state vectors at each phase in the phase diagram in Fig.1b at T = 0 are
One is reminded that S z i |s i = s|s i , s ∈ {0, ±1} and i ∈ {1, 2, · · · 2M}. The states |Ψ 0 E ′ , |Ψ 0 F ′ and |Ψ 0 G ′ have the same energies as the states |Ψ 0 E , |Ψ 0 F and |Ψ 0 G , respectively.
The values of the ground state energy of the phases A, B, E(E ′ ) and
The phase diagram of the AF spin-1 Ising model, with a single-ion anisotropy term, in the presence of an external longitudinal magnetic field has an extra phase [5] at T = 0, the Néel state, given by the vector states
The ground state energy, in units of |J|, of theses states G and G ′ is
D Degeneracy of ground states along transition lines and on critical points of phase diagrams of the ferromagnetic BEG model with
Let us take the transition A ⇋ E/E ′ as an example for the calculation of the degeneracy of the ground states along the boundary of two phases in the phase diagram in Fig.1a of the ferromagnetic BEG model at T = 0. The critical point T , excluded from this analysis, will be treated subsequently. For all points in the vicinity of (but not upon) this line, the chain may be found in either one of the following states, among those listed in Appendix C:
Hence, on the phase transition line, if the i-th site (for i ∈ {1, 2, . . . 2M − 1}, in which M is an integer) happens to be in the state |0 i , the state of the (i + 1)-th site may be either |0 i+1 or |1 i+1 . On the other hand, if the i-th site state is |1 i , the state of the (i + 1)-th site must be |0 i+1 . In other words, the energy constraint on this phase transition line imposes some sequencing rules on the states of the chain: each |0 i+1 succeeds either a |0 i or a |1 i ; and each |1 i+1 succeeds a |0 i . (Equivalently: |1 i+1 never succeeds
|0 and g
|1 be the number of possible occurences of the one-site states |0 and |1 at the i-th site, respectively. The number of possible occurences for each state at the (i + 1)-th site can thus be written as a recurrence relation of the form
The configuration g (1) corresponds to the chain with one site (i = 1), in which we may have either the state |0 1 or the state |1 1 .
Such recurrence generalizes to
and hence we may write, relating the 1-st and (2M)-th (last) sites,
The total number of states with the same ground state energy corresponds to the sum of all possibilities for the |0 and |1 states at the (2M)-th state. It is then equivalent to the L 1 -norm of the vector g (2M )
,
hence, we should turn our attention to the evaluation of the matrix power T 2M −1 in (D.7). The matrix T can be easily diagonalized, yielding
and the corresponding matrix of eigenvectors,
We rewrite (D.7) as
After some algebra, (D.8) yields the degeneracy of the ground states along the transition line A ⇋ E/E ′ in Fig.1a , at T = 0,
Thus the corresponding entropy for this transition is
in which ϕ is the celebrated golden ratio. The reader should notice that the periodic spatial boundary condition on the chain (cf. section 1) has not been used at all in the calculation of the degeneracy (D.12) and hence on the determination of the entropy per site (D.13b). We shall describe in what follows how the degeneracy can be calculated taking that condition into account; the value of the entropy per site (D.13b), however, will not change. By identifying the (N + 1)-th site of the chain with its 1-st site, the sequencing rules described in the beginning of this appendix should also apply to the N-th and 1-st site. Here we have N = 2M. Namely, if the chain has |1 1 in its 1-st site, it cannot have |1 2M in its 2M-th site. On the other hand, if the chain begins with |0 1 , there are no restrictions: it can end in either |0 2M or |1 2M . The two branches of possibilities -chain starting with |0 1 or chain starting with |1 1 -can be described separately by the 1-st site conditions
The version of (D.7) upon boundary conditions reads
in which {R 0 , R 1 } are matrices that implement the pertinent restrictions to each 1-st site condition. In the present situation, these matrices have the form 
analogous to (D.8); here, g
B.C.,|0 and g
B.C.,|1 are the components of g
B.C. . We obtain Ω B.C.
which differs from the degeneracy (D.12); however, the same entropy per site is obtained from (D.18) as it is obtained from (D.12),
given by (D.13a).
The analysis for the critical point T is analogous. In the vicinity of (but not on) T , the available states are
Hence, for the state T , the i-th site may be in any one of the states {|−1 i , |0 i , |1 i }, i ∈ {1, 2, . . . , 2M}. Moreover, for i ∈ {1, 2, . . . , 2M − 1}, the state |−1 i+1 can only be preceeded by |0 i , the state |0 i+1 can be preceeded by |−1 i or |0 i or |1 i , and the state |1 i+1 can only be preceeded by |0 i in order to guarantee that the dimer has the least possible value of energy. (Equivalently: |−1 i+1 never succeeds either |−1 i or |1 i ; |1 i+1 never succeeds either |−1 i or |1 i .) The recurrence relation among the number of possibilities for each state at a site can be expressed as a recurrence relation of the same form as (D.7), but now with It is important to point out that in order to calculate the entropy per site of the ferromagnetic BEG model along phase boundaries and multicritical points at T = 0 we can calculate the total number of degenerate ground states in the chain without taking into account the periodic spatial boundary condition. = 0.51. In (a), the curve is plotted at |J|β = 500; in (b), at |J|β = 100.
